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ABSTRACT
The surface densities of molecular gas, ΣH2 , and the star formation rate (SFR), Σ˙?, correlate almost linearly
on kiloparsec scales in observed star-forming (non-starburst) galaxies. We explore the origin of the linear slope
of this correlation using a suite of isolated L? galaxy simulations. We show that in simulations with efficient
feedback, the slope of the Σ˙?–ΣH2 relation on kiloparsec scales is insensitive to the slope of the ρ˙?–ρ relation
assumed at the resolution scale. We also find that the slope on kiloparsec scales depends on the criteria used to
identify star-forming gas, with a linear slope arising in simulations that identify star-forming gas using a virial
parameter threshold. This behavior can be understood using a simple theoretical model based on conservation
of interstellar gas mass as the gas cycles between atomic, molecular, and star-forming states under the influence
of feedback and dynamical processes. In particular, we show that the linear slope emerges when feedback
efficiently regulates and stirs the evolution of dense, molecular gas. We show that the model also provides
insights into the likely origin of the relation between the SFR and molecular gas in real galaxies on different
scales.
Subject headings: galaxies: evolution – ISM: kinematics and dynamics – stars: formation – methods: numerical
1. INTRODUCTION
One of the keys to understanding galaxy formation is un-
derstanding how galaxies form stars. Despite the complex-
ity of the processes involved in star formation on . 10 parsec
scales, observed star formation rates (SFRs) averaged on kilo-
parsec and larger scales exhibit a rather universal scaling with
the amount of gas. This scaling is known as the Kennicutt–
Schmidt relation (KSR; Schmidt 1959, 1963; Kennicutt 1989,
1998, see also Sanduleak 1969, Madore et al. 1974), and it be-
comes especially tight and close to linear when only molec-
ular gas is included in the estimate of the gas mass (Wong
& Blitz 2002; Bigiel et al. 2008, 2011; Leroy et al. 2008,
2013; Bolatto et al. 2017; Utomo et al. 2017; Colombo et al.
2018). In other words, the depletion time of molecular gas in
kiloparsec-scale patches of the interstellar medium (ISM),
τH2 ≡
ΣH2
Σ˙?
≈ 2±1 Gyr, (1)
is independent of the molecular gas surface density ΣH2 .
Although both total gas and molecular KSR were stud-
ied extensively in numerical simulations of galaxies (e.g.,
Kravtsov 2003; Li et al. 2005; Saitoh et al. 2008; Schaye
& Dalla Vecchia 2008; Feldmann et al. 2011; Gnedin &
Kravtsov 2011; Rahimi & Kawata 2012; Agertz et al. 2013;
Gnedin et al. 2014; Agertz & Kravtsov 2015; Khoperskov
& Vasiliev 2017; Capelo et al. 2018; Lupi et al. 2018; Orr
et al. 2018), the physical origin of their normalization and
scatter were understood only recently. The normalization is
directly related to the global depletion time in galaxies, which
is long due to multiple cycles between star-forming and non-
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star-forming states that the ISM gas undergoes under the influ-
ence of stellar feedback and dynamical processes (Semenov
et al. 2017). Important sources of the scatter include intrin-
sic variations and decoupled evolution of molecular mass and
SFR tracers in ISM patches (Feldmann et al. 2011), biased
sampling of different parts of the gas cycle in such patches
(Kruijssen & Longmore 2014), and non-equilibrium states of
such patches (Semenov et al. 2017).
The aspect of the molecular KSR that is still debated is
its slope. The existence of a correlation between SFR and
molecular gas surface densities is expected because both SFR
and molecular gas trace dense ISM gas. What is surpris-
ing, however, is that the correlation observed in normal star-
forming (non-starburst) galaxies is close to linear. Given that
dynamical timescales as tdyn ∝ 1/
√
Gρ, where ρ is the aver-
age density of a region, naïvely we could expect a superlinear
KSR: ρ˙? ∝ ρ/tdyn ∝ ρ1.5. Therefore, the linear slope indicates
that the origin of molecular KSR is more nuanced and is not
shaped by gas self-gravity alone.
The mechanism responsible for the linear slope must be
rather universal and operate in a range of environments and
for different states of dense gas. Indeed, the near-linear slope
in the molecular KSR persists in diverse galactic environ-
ments, from the average ISM of various Hubble types of disk
galaxies (e.g., Utomo et al. 2017; Colombo et al. 2018) to
low-density disk outskirts (Schruba et al. 2011) and even in
low-metallicity dwarf galaxies (Bolatto et al. 2011; Jameson
et al. 2016). A close-to-linear relation is also observed for
dense gas visible in HCN and HCO+ over 8 orders of mag-
nitude in mass and on a wide range of spatial scales, from
∼ 10 pc scales to scales of entire galaxies (Gao & Solomon
2004b,a; Wu et al. 2005). However, the relation for molecu-
lar gas is not always linear: it steepens on small, . 10 par-
sec, scales (e.g., Evans et al. 2009, 2014; Heiderman et al.
2010; Gutermuth et al. 2011) and in extreme dense environ-
ments such as starburst galaxies (Genzel et al. 2010, 2015)
and galactic centers (e.g., Leroy et al. 2013). Moreover, the
depletion time exhibits mild trends with redshift and deviation
of galaxies from the mean star formation sequence (e.g., Tac-
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coni et al. 2018). To explain the origin of the molecular KSR
slope, both its universality at moderate and low surface den-
sities and its steepening in more extreme dense environments
must be understood. Elucidating the origin of the linear slope
will be the focus of this paper.
One of the most popular explanations for the close-to-linear
slope of the molecular KSR is the so-called “counting argu-
ment,” which was first introduced by Wu et al. (2005) to in-
terpret the linear relation observed for the dense gas traced by
HCN and later extended to more diffuse molecular gas states.
This argument posits that all molecular gas resides in star-
forming units that have approximately the same properties
and depletion times regardless of the galactic environment.
In this case, both ΣH2 and Σ˙? of an ISM patch result from
counting these units in this patch, and therefore, ΣH2 and Σ˙?
become linearly related. However, the observed properties of
molecular regions do vary with & 1 kpc galactic environment
(e.g., Miville-Deschênes et al. 2017), and therefore, the expla-
nation of the linear slope must be more nuanced.
Substantial progress in understanding the linear slope can
be made by considering the timescales of gas evolution
through different states rather than an instantaneous spatial re-
alization of these states reflected in Σ˙? andΣH2 . In the context
of explaining KSR, such a “dynamical” point of view was first
adopted by Madore (2010) and later extended by Elmegreen
(2015, 2018). Although this method is quite insightful, the
linear slope in their models follows from rather strong as-
sumptions that both the timescale of molecular gas evolution
and the star formation efficiency on kiloparsec scales are con-
stant and independent of ΣH2 (see Section 6.1 for details). As
we show below, in our simulations, they are not constant and
depend on ΣH2 . Yet, the molecular KSR in our fiducial sim-
ulations has a near-linear slope. Thus, these models cannot
explain the physics of the molecular KSR in our simulations.
Nevertheless, the way of thinking about KSR as a result of
an interplay among different processes with their own charac-
teristic timescales is quite insightful. As noted above, such an
approach allows us to understand both the normalization and
the scatter of KSR (Kruijssen & Longmore 2014; Semenov
et al. 2017, 2018). In this paper, we will use this approach
to gain insights about the physical factors that determine the
slope of the molecular KSR.
Specifically, we will explore the origin of the molecular
KSR in a suite of isolated L? galaxy simulations. As we
will show, in our fiducial simulations, a near-linear relation
emerges on kiloparsec scales and is insensitive to the slope
adopted locally in the subgrid prescription for star formation.
This insensitivity is a counterexample to the argument that
in simulations, the KSR on kiloparsec scales simply reflects
the relation assumed at the resolution scale (Schaye & Dalla
Vecchia 2008; Gnedin et al. 2014). We show instead that the
linear slope of the molecular KSR on kiloparsec scales and
its insensitivity to small-scale star formation parameters is a
result of self-regulation by stellar feedback.
This paper is organized as follows. In Section 2, we briefly
summarize our simulation suite. In Section 3, we demonstrate
how the molecular KSR obtained in our simulations changes
depending on the parameters of star formation and feedback.
In Section 4, we show how the obtained results relate to the
gas PDF in ISM patches and its scaling with gas surface den-
sity. In Section 5, we use our analytical model based on ISM
gas cycling to explain our results and elucidate the origin of
the linear slope of molecular KSR. In Section 6, we compare
our model to previous works and discuss its implications for
the KSR derived in observations and simulations of galaxies.
In Section 7, we summarize our results and conclusions.
2. SIMULATIONS
We explore the origin of the molecular KSR slope using a
suite of isolated ∼L? galaxy simulations with varying param-
eters of local star formation and feedback. Our simulation
suite is detailed in Semenov et al. (2017, 2018), and here we
briefly summarize the features that are most relevant for this
study.
The simulations are run using the adaptive mesh refine-
ment gas dynamics and N-body code ART (Kravtsov 1999;
Kravtsov et al. 2002; Rudd et al. 2008; Gnedin & Kravtsov
2011). We use the initial conditions from the AGORA code
comparison project (Kim et al. 2014, 2016), which consist
of gaseous and stellar disks and stellar bulge embedded in a
dark matter halo. The galactic disk is exponential with the
scale radius of ≈ 3.4 kpc, scale height of ≈ 340 pc, and to-
tal mass of ≈ 4.3×1010 M, 20% of which is in the gaseous
disk. The stellar bulge has a total mass of ≈ 4.3× 109 M
and a Hernquist (1990) density profile with the scale radius of
≈ 340 pc. The dark matter halo has a Navarro–Frenk–White
profile (Navarro et al. 1996, 1997) with the characteristic cir-
cular velocity of vc,200 = 150 km s−1 and the concentration of
c = 10. Mesh cells are adaptively resolved when their gas
mass exceeds ∼ 8300 M until the maximal resolution of
∆ = 40 pc is reached.
To identify star-forming regions, we use results of theoret-
ical models of star formation in a turbulent medium, which
predict that star formation efficiency increases exponentially
with decreasing local virial parameter αvir (for a review, see
Padoan et al. 2014, and references therein). For a computa-
tional cell with size ∆, αvir is defined as for a uniform sphere
with mass M and radius R =∆/2 (Bertoldi & McKee 1992):
αvir ≡ 5σ
2
totR
3GM
≈ 9.35 (σtot/10 km s
−1)2
(n/100 cm−3)(∆/40 pc)2
, (2)
where the total velocity dispersion σtot =
√
c2s +σ2t includes
thermal velocity, cs, and turbulent velocity, σt. In our simula-
tions, we use the “shear-improved” subgrid turbulence model
of Schmidt et al. (2014, for details about the implementation
in the ART code, see Semenov et al. 2016), which enables us
to estimate σt and σtot in each computational cell. Although
we can use the local estimate of αvir to assign star formation
efficiency to each cell, for simplicity of interpretation in this
study we approximate the exponential dependence of the ef-
ficiency on αvir using a sharp threshold αvir,sf and a constant
efficiency for the gas that satisfies this threshold. Specifically,
in our simulations, we define all cells with αvir <αvir,sf = 10 as
star-forming, motivated by the fact that αvir . 10 in observed
molecular clouds (e.g., Leroy et al. 2016; Miville-Deschênes
et al. 2017). For comparison, in some of the simulations, we
will adopt a more commonly used gas density threshold, nsf,
instead of αvir, so that star-forming cells are identified as those
with n≥ nsf.
In each cell satisfying the star formation threshold, the rate
of star formation is assumed to be
ρ˙? = ff
ρ0
tff,0
(
ρ
ρ0
)β
, (3)
where tff,0 =
√
3pi/32Gρ0 is the freefall time at ρ0 =
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100 mp cm−3, ff is the star formation efficiency per freefall
time assumed to be constant in the simulations discussed in
this paper, and β is the local slope of the SFR dependence on
density. For β = 1.5, this expression is equivalent to the most
common choice since the first generation of simulations (Cen
& Ostriker 1992; Katz 1992): ρ˙? = ff ρ/tff, where tff is the
freefall time at ρ. Thus, we choose β = 1.5 for our fiducial
simulations but also explore how our results depend on β by
varying it in the range β = 1÷2.5. We adopt a fiducial value of
ff = 1% motivated by the estimates in observed star-forming
molecular clouds (Evans et al. 2009, 2014; Heiderman et al.
2010; Lada et al. 2010; Lee et al. 2016; Leroy et al. 2017;
Utomo et al. 2018). However, we also consider the results of
simulations with a much higher value of ff = 100%.
Feedback from young stars is modeled by injection of mo-
mentum and thermal energy in the amounts calibrated against
simulations of supernova remnant evolution in a non-uniform
medium by Martizzi et al. (2015). To compensate for the nu-
merical loss of momentum due to advection errors1 and for
additional effects, such as momentum boost due to supernova
clustering (Gentry et al. 2017, 2018) and cosmic rays (Diesing
& Caprioli 2018), we multiply the momentum predicted by
Martizzi et al. (2015) by a fiducial factor of 5. To estimate the
effect of feedback strength on the molecular KSR slope, we
also ran simulations with a 5 times stronger feedback (i.e., the
Martizzi et al. 2015 momentum multiplied by 25) and simu-
lations without feedback. The resulting radial momentum is
distributed among all immediate neighbors2 of the cell host-
ing the supernova. In addition to supernova feedback, we also
account for the mass loss by stellar particles following Leit-
ner & Kravtsov (2011) and inject mass and the corresponding
momentum resulting from the motion of the stellar particle
with respect to the gas into the cell hosting the stellar particle.
To obtain the Σ˙?–ΣH2 relation in our simulations, we mea-
sure the SFR surface density from the distribution of stars
younger than 10 Myr. This time interval is chosen to approx-
imate the temporal averaging of SFR used in the extragalactic
observations to which we will compare our results.3 Molec-
ular gas surface density is measured by integrating molecu-
lar density in all cells along the direction perpendicular to
the disk. The molecular density in each cell is defined as
ρH2 = fH2ρ, where ρ is the local total density of gas, and fH2
is computed using the model of Krumholz et al. (2008, 2009)
and McKee & Krumholz (2010): fH2 = max[0, (1−0.75s/(1+
0.25s))] with s ≈ 1.8/τc and τc = 320(ρ∆/g cm−2) at solar
metallicity. Although such a definition of molecular gas den-
sity includes the contribution from helium, for simplicity, we
will denote quantities related to molecular gas with a subscript
“H2.”
In Section 5, we will connect the origin of the linear molec-
ular KSR to gas evolution between different states in the ISM.
To explore this connection, we measure relevant timescales of
gas evolution in these states using passive gas tracers, which
1 We found that in idealized simulations of a stellar particle moving
through a uniform medium, the loss of momentum can be as large as a factor
of ∼ 3–10, especially if the particle moves diagonally to the grid.
2 For a uniform grid, the number of neighbors receiving momentum is 26,
but it can be larger depending on the local refinement structure of the grid.
3 Specifically, 10 Myr corresponds to the Hα star formation indicator (see,
e.g., Table 1 in Kennicutt & Evans 2012). Extragalactic observations usually
adopt a combination of Hα and infrared indicators, which corresponds to the
SFR averaged over a somewhat longer time interval. However, we checked
that our results remain almost unchanged when we average SFRs over 30 Myr
instead of 10 Myr.
are initialized proportionally to gas density after 300 Myr of
disk evolution and then stochastically exchanged between ad-
jacent cells with the probability proportional to mass flux at
each time step (Genel et al. 2013). In particular, for each
tracer, we measure the duration of molecular stages as
tH2 =
t2∫
t1
fH2 (t)dt, (4)
where fH2 is the molecular mass fraction of the cell hosting
the gas tracer at a given time step, and t1 and t2 are the sub-
sequent moments when the gas tracer crosses the n = 10 cm−3
threshold4. Next, we define the total time in the star-forming
state during tH2 as
tsf =
t2∫
t1
Θsf(t)dt, (5)
where at each time step Θsf = 1 if a gas tracer resides in a
cell that satisfies the star formation criterion, and Θsf = 0 oth-
erwise. Finally, we also accumulate integral star formation
efficiency at each molecular stage as
 =
t2∫
t1
Θsf(t)
t?(t)
dt, (6)
where t? = ρ/ρ˙? is the local depletion time in star-forming gas;
t? = tff/ff for our fiducial β = 1.5 in Equation (3).
3. MOLECULAR KSR IN SIMULATIONS
Figure 1 shows the results of our fiducial simulation with
the star formation threshold in gas virial parameter, αvir <
αvir,sf = 10, ff = 1%, and β = 1.5. The left two panels show
the surface densities of total gas, Σg, and SFR, Σ˙?. The sur-
face density of molecular gas, ΣH2 , reflects the distribution of
dense gas and, for reference, the gray contours indicate the
regions where the molecular gas fraction is larger than 30%.
The right panel shows the depletion time of molecular gas,
τH2 = ΣH2/Σ˙?, as a function of ΣH2 where both Σ˙? and ΣH2
are averaged on 1 kpc scale using a 2D Gaussian filter with a
width of 1 kpc.
The figure shows that τH2 in our fiducial simulation is al-
most independent of ΣH2 and thus the molecular KSR is
almost linear, Σ˙? ∝ ΣH2 , in agreement with the molecular
KSR of observed galaxies at similar ΣH2 . This nearly lin-
ear slope is not imposed by the choice of our star formation
prescription and its parameters. Instead, the near-linear slope
emerges from a significantly steeper local star formation rela-
tion, ρ˙? = ff ρ/tff ∝ ρ1.5. If the molecular KSR reflected this
small-scale slope, it would have the slope shown by the thin
gray line in the right panel, which is clearly much steeper than
the slope we measure.
To stress this point, in the middle panel of Figure 2 we show
that the Σ˙?–ΣH2 relation remains close to linear even when
the local SFR is assumed to have a steeper dependence on
gas density: ρ˙? ∝ ρ2 and ∝ ρ2.5. Such weak sensitivity of the
4 For our choice of parameters, the Krumholz et al. (2008) model predicts
that the molecular mass fraction is 0 for n< 10 cm−3 and it sharply increases
for n > 10 cm−3
4 Semenov, Kravtsov, Gnedin
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FIG. 1.— Results of our fiducial simulation with the star formation threshold in virial parameter, αvir < αvir,sf = 10. The depletion time of molecular gas is
almost independent of ΣH2 and thus the molecular KSR is almost linear in this simulation. The two face-on maps on the left show the surface densities of total
gas, Σg, and SFR, Σ˙?. SFR is averaged over 10 Myr as explained in Section 2. The surface density of molecular gas, ΣH2 , is computed using the Krumholz
et al. (2008) model (see Section 2), and the gray contours indicate regions where ΣH2/Σg > 30%. The right panel shows the depletion time of molecular gas,
τH2 = ΣH2/Σ˙?, averaged on 1 kpc scale as a function of ΣH2 . The distribution is averaged over 11 snapshots between 500 and 600 Myr and is colored according
to the average galactocentric radius R. Dark blue lines show the running median (thick line) and 16th and 84th percentiles (thin lines). Blue points show the
running median in the EDGE-CALIFA sample of galaxies from Utomo et al. (2017). The green contour shows 68% of points from Leroy et al. (2013); the median
of this sample is very similar to Utomo et al. (2017), and therefore, it is not shown here. The orange rectangle shows τH2 ∼ 0.7–2.7 Gyr estimated for the Milky
Way using M˙? ∼ 1 M yr−1 and MH2 ∼ 109 M (before correction for helium; Heyer & Dame 2015) and adopting a factor of 2 uncertainty in τH2 (Figure 7 in
Kennicutt & Evans 2012).
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FIG. 2.— Dependence of the molecular KSR in simulations with αvir,sf = 10 threshold on the slope of the local star formation relation: ρ˙? ∝ ρβ , where β is
varied from 1.0 to 2.5 (see Equation 3). The adopted slopes are indicated by dashed lines, which show the scaling of the local depletion time, ρ/ρ˙? ∝ ρ1−β . Three
panels show simulations with different ff values and feedback strengths per supernova, with the total feedback budget per local freefall time increasing from left
to right. In simulations without feedback (left panel), the median τH2 (ΣH2 ) on kiloparsec scales (thick lines) depends on the local slope. As the feedback budget
increases, the sensitivity to the local slope becomes weaker in our fiducial simulation (middle panel) and completely disappears in simulations with 100 times
larger local ff (right panel). Remarkably, in the latter regime of very efficient feedback, τH2 becomes almost independent of ΣH2 as observed in real galaxies
(gray contours and error bars; see the legend in the right panel of Figure 1).
Σ˙?–ΣH2 slope to its local value provides a counter-example to
the argument that the KSR on ∼kpc scales simply reflects the
local star formation relation (Schaye & Dalla Vecchia 2008;
Gnedin et al. 2014) and demonstrates that the KSR slope can
be nearly independent of the slope of the local relation.
The left and right panels of Figure 2 show that the emer-
gence of the linear KSR slope and its independence of the lo-
cal star formation relation depend on the efficiency of star for-
mation and the corresponding efficacy of stellar feedback. In-
deed, in simulations without feedback (left panel), the molec-
ular KSR slope on kiloparsec scale becomes quite sensitive to
the assumed local slope β. On the other hand, in simulations
with ff = 100% where feedback is very efficient (right panel),
kiloparsec-scale molecular KSR becomes completely insen-
sitive to the local star formation relation, and its slope stays
close to linear. We have also checked that the relation remains
linear when we increase feedback momentum input per su-
pernova instead of increasing ff (Appendix A) and when we
continuously vary ff with αvir instead of using a sharp thresh-
old (Appendix B). We also find that the slope remains linear
as long as the molecular KSR is averaged on & 500 pc scales
(see Appendix C).
Apart from feedback, the choice of star formation threshold
also plays a crucial role in shaping the kiloparsec-scale molec-
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FIG. 3.— Same as Figure 1 but for a star formation threshold in gas density: n> nsf = 100 cm−3. The dashed line in the right panel shows the median τH2 from
Figure 1. For a density threshold, the molecular KSR becomes significantly steeper than in the simulation with an αvir-based threshold.
ular KSR. For example, Figure 3 shows that when we choose a
threshold in density, n> nsf = 100 cm−3, instead of the αvir, the
molecular KSR significantly steepens to Σ˙? ∝ Σ1.5H2 at ΣH2 >
10 M pc−2 (galactocentric radii of R < 6 kpc) and to even
steeper slope at ΣH2 < 10 M pc
−2 (R > 6 kpc). A similar
steep molecular KSR was also found by Capelo et al. (2018),
who also used the nsf = 100 cm−3 star formation threshold. In
addition, we find that the slope steepens for larger values of
ff and larger values of the nsf threshold (see Appendix A). In
other words, the emergence of the linear KSR and its insensi-
tivity to local star formation parameters occur only when we
use the αvir-based threshold.
The qualitatively different behavior of the molecular KSR
in simulations with αvir- and nsf-based thresholds stems from
different distributions of star-forming gas in simulations with
different thresholds, which is evident from the Σ˙? maps in
Figures 1 and 3. In the simulation with the constant nsf thresh-
old, the SFR is more centrally concentrated, and a significant
fraction of molecular gas in the outskirts of the disk is not
forming stars. This results in longer depletion times at large
radii and steeper Σ˙?–ΣH2 relation.
The results presented above demonstrate that the slope of
the molecular KSR has a nontrivial origin and is shaped by
several factors. To understand the trends of the slope with
the choice of star formation threshold, ff value, and feedback
strength, we will first examine our results from a different an-
gle using the language of the PDF of gas properties (next Sec-
tion). We will then discuss how our simulation results can
be understood in the simple physical framework that we de-
veloped to explain the long gas depletion times of galaxies
(Section 5).
4. CONNECTING THE KILOPARSEC-SCALE KSR
WITH GAS PDF AND STAR FORMATION RELATION
ON SMALL SCALES
Before we proceed to discuss the physical interpretation
of the simulation results presented above, we will examine
how kiloparsec-scale KSR is connected to the local SFR and
PDF of gas properties. This connection not only clearly il-
lustrates the interdependencies of different quantities via ex-
plicit equations but also elucidates the conditions required
for the linearity of the molecular KSR. To this end, we will
consider the depletion time of gas in star-forming regions,
τ? = Σsf/Σ˙?, and the mass fraction of molecular gas in these
regions, fsf,H2 = Σsf/ΣH2 , as it is the ratio of these quantities
that defines the global depletion time of molecular gas:
τH2 =
ΣH2
Σ˙?
=
ΣH2
Σsf
Σsf
Σ˙?
=
τ?
fsf,H2
. (7)
The results presented in this section do not explain the sim-
ulation results presented above, but rather restate these results
in a different useful way. Readers more interested in the phys-
ical interpretation of the results can proceed to Section 5. A
detailed derivation of the equations used below is presented in
the Appendix D.
4.1. Molecular Depletion Time and PDF of Gas Properties
To quantify the relation between molecular gas depletion
time and gas PDF, we note that both fsf,H2 and τ? in Equa-
tion (7) are the averages over the distribution of gas in the
ISM patches. In particular, fsf,H2 can be expressed in terms of
the PDF of molecular gas, PH2 :
fsf,H2 =
∫∫ ∞
0
Θsf(ρ,q)PH2 (ρ,q|ΣH2 )dρdq, (8)
where the star formation threshold, Θsf(ρ,q), can depend
on the density, ρ, and any other local properties of the re-
gion, q, such as temperature, turbulent velocity, etc. For
our choice of thresholds, Θsf(ρ,σ) = θ(αvir,sf −αvir(ρ,σ)) and
Θsf(ρ) = θ(ρ − ρsf), where θ is the Heaviside step function:
θ(x) = 1 for x > 0 and θ(x) = 0 for x < 0.5 PH2 (ρ,q|ΣH2 ) in
the above equation is the mass-weighted PDF of the molec-
ular gas averaged between patches with surface density ΣH2 ;
the PDF shape in general will depend on ΣH2 .
Similarly, τ? can be written as
1
τ?
=
∫ ∞
0
1
t?
Psf(ρ|ΣH2 )dρ∝
∫ ∞
0
ρβ−1Psf(ρ|ΣH2 )dρ, (9)
where t? = ρ/ρ˙? ∝ ρ1−β is the local depletion time,6 and the
5 In general, Θsf can also parameterize smooth transitions to the star-
forming state by continuously changing between 0 and 1.
6 The averaging of inverse t? results from the averaging of local star for-
mation rates ρ˙? = ρ/t?: τ−1? = Σ˙?/Σsf =
∫
t−1? ρdV/
∫
ρdV = 〈t−1? 〉sf, where
the integrals are taken over star-forming regions in an ISM patch.
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mass-weighted density PDF of star-forming gas is defined as
Psf(ρ|ΣH2 ) =
∫
Θsf(ρ,q)PH2 (ρ,q|ΣH2 )dq∫∫∞
0 Θsf(ρ,q)PH2 (ρ,q|ΣH2 )dρdq
. (10)
First, note that the dependencies of fsf,H2 and τ? on ΣH2 in
Equations (8) and (9) are rather nontrivial. To obtain a lin-
ear KSR, these dependencies must be similar and cancel out
in Equation (7), which means that the gas PDF must scale
with ΣH2 in a very particular way. Second, the observed inde-
pendence from the local slope β in simulations with efficient
feedback implies that the trends of fsf,H2 and τ? must remain
similar when β is changed. This effect is also nontrivial be-
cause τ? depends on β explicitly (Equation 9), while fsf,H2
depends on β only implicitly via the effect of β on the gas
PDF. Finally, Equations (8–10) show that fsf,H2 and τ? explic-
itly depend on the shape of the star formation threshold, Θsf.
This means that, given a specific gas PDF, the above cancel-
lation can occur for some thresholds but not for the others. In
the next section, we will examine the trends of the gas PDF,
τ?, fsf,H2 , and τH2 observed in our simulations.
4.2. Trends of the Gas PDF, τ?, fsf,H2 , and τH2 in
Simulations
The dependence of the gas PDF, τ?, fsf,H2 , and τH2 on ΣH2 ,
the local star formation slope β, and the star formation thresh-
old can be explored in simulations directly, as all of the rel-
evant quantities can be measured. In particular, we will con-
sider these trends in two simulations from our suite: the fidu-
cial run in which the KSR is linear (Figure 1) and the run with
the same parameters but with the density-based star formation
threshold in which the molecular KSR is steep (Figure 3).
Figure 4 shows the distribution of gas in these simula-
tions in the plane of gas density and total velocity disper-
sion, σtot =
√
c2s +σ2t , which includes both thermal and subgrid
turbulent velocities. The distributions are averaged in 1 kpc-
wide annuli at different galactocentric radii, R, and three hor-
izontal panels show three representative radii. Given that the
gas surface density exponentially decreases with increasing R,
these distributions correspond to widely different ΣH2 values.
As the top row in the figure shows, in our fiducial simu-
lation, the gas PDF does change with changing ΣH2 , which
results in trends of τ? and fsf,H2 with ΣH2 . In particular, ac-
cording to Equation (9), the trend of τ? is due to the scaling
of the star-forming part of the PDF. To explore the τ? trend
in more detail, in Figure 5 we plot these parts of the PDF
(integrated over σtot) in concentric 1 kpc-wide annuli out to
R = 10 kpc.
If star-forming gas PDF were independent of ΣH2 ,
Psf(ρ|ΣH2 ) = F(ρ), Equation (9) implies that τ? would also be
independent of ΣH2 . This case corresponds to the “counting
argument” often used as an explanation for the linearity of the
molecular KSR (see Section 1). However, the top panel of
Figure 5 shows that the PDF is not fixed but shifts to higher
density with increasing ΣH2 . Therefore, τ? is not constant but
decreases with ΣH2 .
On the other hand, if the PDF scaled self-similarly,
Psf(ρ|ΣH2 ) = F(ρ/ΣH2 )/ΣH2 where F is a function of a fixed
shape and peak location, then τ? would inherit the slope from
the local star formation relation: τ?∝Σ1−βH2 =Σ−0.5H2 for β = 1.5,
as is explicitly shown in Appendix D (see also Gnedin et al.
2014). However, the bottom panel of Figure 5 shows that
PDFs for different ρ/ΣH2 do not coincide, with their peak
changing significantly with ΣH2 . This strong deviation from
self-similar scaling results in a scaling of τ? that is weaker
than the self-similar expectation of τ? ∝ Σ−0.5H2 .
We find that in our fiducial simulation, τ? scales as τ? ∝
Σ−0.2H2 . If the star-forming fraction fsf,H2 were independent of
ΣH2 , this scaling would be enough to make the KSR notice-
ably nonlinear: Σ˙? ∝ Σ1.2H2 . However, fsf,H2 scales with ΣH2
similarly to τ?, as can be seen in Figure 9 in Semenov et al.
(2017). Given that τH2 = τ?/ fsf,H2 (Equation 7), these scal-
ings cancel, resulting in τH2 almost independent of ΣH2 and a
nearly linear molecular KSR.
We find that in the simulations with an αvir-based threshold,
such cancellation holds for all values of the slope of the local
star formation relation β as long as feedback is as strong as
in the fiducial simulation or stronger (see Section 3 and Ap-
pendix A). Such cancellation, however, does not happen in
the simulations without feedback, in which the slope of the
molecular KSR becomes sensitive to the local slope β, and
in all of the simulations with the density-based star forma-
tion threshold. In the latter case, the density threshold de-
fines only the high-density tail of distribution as star-forming
gas (see the bottom row of Figure 4). Therefore, the PDF of
star-forming gas and τ? become almost independent of ΣH2 ,
as shown in Figure 6. However, the star-forming fraction
of molecular gas does increase at higher ΣH2 , and therefore
τH2 = τ?/ fsf,H2 decreases with increasing ΣH2 , resulting in a
superlinear molecular KSR.
Results presented in this section clearly show that the linear
slope of molecular KSR in the simulations with an αvir-based
star formation threshold and efficient feedback is rather non-
trivial and results from a cancellation of trends of physical
properties controlling τH2 with both β and ΣH2 . The cancella-
tion occurs only when feedback is efficient, and it depends on
the choice of the star formation threshold.
The language of gas PDF is direct and clearly shows the re-
lation between large-scale observables and small-scale prop-
erties of gas and star formation. However, we cannot use it
to fully explain our simulation results because this requires
knowledge of the exact functional form of the gas PDF, its
dependence on ΣH2 , and its response to feedback. Therefore,
in what follows, we will adopt an approximate approach that
can qualitatively explain several of our key results.
5. THE PHYSICS OF THE MOLECULAR KSR SLOPE
In this section, we show that several key results of our sim-
ulations can be understood using the theoretical framework
that was introduced in Semenov et al. (2017, 2018) to ex-
plain long depletion times of gas in observed and simulated
galaxies. The model is based on the conservation of mass and
considers dynamic gas cycling between star-forming and non-
star-forming states. In this model, the depletion time of total
gas in an ISM patch is τ ∼ Nc(tnsf + tsf), where tnsf and tsf are
the average times in non-star-forming and star-forming stages
in each cycle, and the number of cycles, Nc ∼ τ?/tsf, is set by
the condition that after many cycles, gas must spend on aver-
age τ? ≡ Σsf/Σ˙? in the star-forming state. The fraction of the
initial gas parcel mass that is converted into stars during each
cycle is correspondingly ∼ tsf/τ?.
If the duration of star-forming stage on each cycle is short
(e.g., due to efficient feedback) and local star formation in
this state is inherently inefficient (i.e. τ? is long), a typical
gas parcel must go through a large number of such cycles
(Nc  1) before it is incorporated into a star. This explains
What sets the slope of the Σ˙?–ΣH2 relation? 7
10
3
30
σ
to
t
(k
m
s−
1
)
2− 3 kpc
αvir,sf
10−1 100 101 102 103
n (cm−3)
10
3
30
σ
to
t
(k
m
s−
1
)
2− 3 kpc
nsf
5− 6 kpc
10−1 100 101 102 103
n (cm−3)
5− 6 kpc
8− 9 kpc
10−1 100 101 102 103
n (cm−3)
8− 9 kpc
102
103
104
105
106
T
(K
)
102
103
104
105
106
T
(K
)
FIG. 4.— Dependence of gas distribution on galactocentric radius (and therefore on the average gas density) in the simulations with αvir,sf = 10 (top row) and
nsf = 100 cm−3 star formation threshold (bottom row). Each column of panels shows the distribution averaged between 500 and 700 Myr in 1 kpc wide annuli
at different galactocentric radii: R = 2–3 kpc (left), 5–6 kpc (middle), and 8–9 kpc (right). Contours show 25%, 68%, 95%, and 99% of the PDF. The color of
the distribution indicates the average temperature, and the blue region (cold gas) roughly indicates the distribution of molecular gas. The dashed line close to the
lower envelope of the distribution shows the median temperature as a function of density. The thick dotted line shows the star formation threshold adopted in
these simulations; star-forming gas resides to the right of the threshold. Thin dotted lines indicate constant values of the virial parameter: αvir = 100, 10, and 1
from left to right.
why the global gas depletion time is much longer than both
the timescales of the ISM processes, tsf and tnsf, and the local
depletion time τ?.
5.1. Molecular KSR and Gas Evolution Timescales
In the dynamical framework outlined above, the star-
forming mass fraction of molecular gas can be expressed as
the relative time in star-forming and molecular stages on each
cycle, tsf and tH2 :
fsf,H2 ≡
Σsf
ΣH2
∼ tsf
tH2
. (11)
Here, tH2 is the duration of the molecular stage during one
evolution cycle—i.e., the time between the moment when gas
becomes molecular and the moment when it becomes atomic
again. The time tsf is the total time during one cycle that gas
spends in the star-forming state. Note that during tH2 a given
gas parcel may remain non-star-forming (tsf = 0) or become
star-forming one or multiple times. In the latter case, tsf is the
sum of all star-forming stages that a gas parcel experienced.
Given these definitions, Equation (7) can be rewritten as
τH2 =
τ?
fsf,H2
∼ τ?
tsf
tH2 ∼
tH2

. (12)
To express tsf via the timescales of the processes driving
gas evolution, we note that the amount of star-forming gas in
ISM patches, Σsf, is regulated by the combined effect of gas
consumption at the rate Σ˙? and dispersal of star-forming gas
by feedback and dynamical processes (e.g., passages of spiral
arms) at the rates of F−,fb and F−,d, respectively. Following
Semenov et al. (2017, 2018), we parameterize these as
F−,fb = ξΣ˙? = ξ
Σsf
τ?
, F−,d =
Σsf
τ−,d
, (13)
where ξ is the “mass-loading factor” of star-forming gas dis-
persal by feedback, while τ−,d is the characteristic timescale
of the dynamical dispersal of star-forming regions. The to-
tal rate of gas removal from star-forming regions is thus
Σ˙? +F−,fb +F−,d and the characteristic time that gas spends in
the star-forming state can thus be expressed as
tsf ∼ Σsf
Σ˙? +F−,fb +F−,d
= τ?
(
1+ ξ +
τ?
τ−,d
)−1
. (14)
To relate these quantities to the depletion time of molec-
ular gas, consider the characteristic time that gas spends in
molecular form, tH2 = tH2,nsf + tsf, where tH2,nsf is the time that
molecular gas spends outside of star-forming regions. Equa-
tions (12) and (14) then give
τH2 = (1+ ξ) tH2,nsf +
(
1+
tH2,nsf
τ−,d
)
τ?. (15)
This expression is analogous to Equation (14) in Semenov
et al. (2018) and has similar behavior. In particular, only the
second term explicitly depends on the slope of the local star
formation relation β via the dependence of τ? on β (Equa-
tion 9). The first term can depend on β only implicitly. As we
will detail below, the regimes in which one of these two terms
dominates correspond to the regimes where molecular KSR is
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FIG. 5.— Density PDFs of star-forming gas (Equation 10) in concentric
1 kpc wide annuli in the simulation with the αvir,sf threshold. PDFs are av-
eraged between 500 and 700 Myr and colored according to the average den-
sity of molecular gas in each annulus, ΣH2 . The top panel shows that PDFs
are not fixed but scale with ΣH2 , while the bottom panel demonstrates that
this scaling is weaker than self-similar. If the PDF scaled self-similarly, its
shape would be fixed as a function of ρ/ΣH2 . To make this ratio dimen-
sionless, we multiply it by our resolution ∆ = 40 pc. The PDF in the cen-
tral region (R < 1 kpc, pale yellow) is bimodal, with a prominent bump at
n∼ (2−7)×103 cm−3, which corresponds to a central concentration of high-
σt gas that does not form stars according to the αvir < 10 criterion. When we
use a density threshold (Figure 6), such a bump does not form because all gas
at such densities would rapidly form stars.
sensitive or insensitive to β (Figure 2). As we will also show,
Equation (15) can help us understand why the molecular KSR
is close to linear when an αvir-based star formation threshold
is used and why it steepens for a density-based threshold.
5.2. Dependence of Molecular KSR on the Local Slope β
When feedback is strong (ξ is large) and star formation is
locally efficient, i.e. τ? is short (due to, e.g., large ff), the
first term in Equation (15) dominates. Given that only τ? in
the second term explicitly depends on β (Equation 9), in this
regime, τH2 can be expected to only weakly depend on the
local slope. Indeed, we showed that the sensitivity to β dis-
appears completely for the ff = 100% compared to a weak
dependence in the ff = 1% runs (Figure 2). This insensitivity
indicates that in the context of our framework, the first term
does not depend on β even indirectly. This can be understood
as follows.
Equation (14) shows that in this regime (ξ  τ?/τ−,d), the
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FIG. 6.— Same as the top panel in Figure 5 but for the simulation with the
nsf = 100 cm−3 star formation threshold. The dependence of PDF on ΣH2 is
much weaker compared to the simulation with the αvir,sf = 10 threshold.
characteristic time a gas parcel spends in a star-forming re-
gion in a single cycle is tsf ∼ τ?/(1+ξ)∼ τ? and corresponds
to the time it takes to form enough young stars to disperse a
typical star-forming region. For the higher SFR of larger β
values, and correspondingly smaller τ?, the young star mass
fraction  required for dispersal will be reached faster, and tsf
will be shorter. Thus, both τ? and tsf depend on β in a simi-
lar way, so that this dependence cancels in ∼ tsf/τ? rendering
the integral stellar mass fraction required for dispersal roughly
constant. Given that the lifetime of gas in the molecular state
is not related to β, this cancellation is the main reason why
τH2 ∝ tH2 τ?/tsf is independent of β. The bottom panel of Fig-
ure 7 demonstrates that  and tH2 are indeed independent of β
in the simulation with ff = 100%, even though τ? does depend
on β, as shown in the top panel.
When feedback is weak (small ξ) or star formation is lo-
cally inefficient (τ? is long), the second term in Equation (15)
dominates. This term is proportional to τ?, which explicitly
depends on the local slope β. As shown in Figure 8, this
dependence of τ? on β also implies the dependence of the
molecular KSR on β because tH2 (ΣH2 ) does not depend on
β, while in this regime (ΣH2 ) does. Their ratio τH2 ∼ tH2/,
therefore, is no longer close to constant, but depends on ΣH2
in a way sensitive to β, as observed in our simulations with-
out feedback (left panel of Figure 2). It is worth noting that
although there is a value of β at which the large-scale slope
becomes close to linear in these simulations, this is coinciden-
tal and holds only for β ≈ 1.5. Physically, tsf in this regime
is controlled not by feedback but by dynamical processes that
disperse star-forming and molecular regions, such as turbu-
lent shear, differential rotation, expansion behind spiral arms,
etc.
In the intermediate regime, in which the two terms in Equa-
tion (15) are comparable, we can expect an intermediate weak
sensitivity of the KSR to β, as is indeed observed in our sim-
ulations with fiducial feedback strength and ff = 1% (middle
panel of Figure 2). This behavior is explained by the contri-
bution of two comparable terms to τH2 which can be demon-
strated explicitly.
According to Equation (15), the τH2 in these simulations
differ from the simulations with ff = 100% and fiducial feed-
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FIG. 7.— Trends of τ? (top panel),  = tsf/τ? and tH2 (bottom panel) in our
simulations with ff = 100% and different slopes of the local star formation
relation ρ˙? ∝ ρβ , β = 1, 1.5, 2, and 2.5 (see Equation 3). We measure ,
tsf, and tH2 for each molecular stage using gas-tracer particles as explained at
the end of Section 2 and show their values averaged in concentric annuli.
The stages are accumulated between 450 and 800 Myr of disk evolution.
The figure illustrates two types of cancellation that result in a near-linear
KSR. First, the variation of the τ? trend with β cancels out by tsf in  =
tsf/τ?. Second, the trends of  and tH2 withΣH2 nearly cancel in τH2 ∼ tH2/,
resulting in a nearly linear molecular KSR.
back only by the second term, which is 100 times smaller in
the latter case. At the same time, τH2 in the simulations with
ff = 1% and with or without feedback differ only by the first
term. Therefore, Equation (15) predicts that the τH2 in our
fiducial simulations equals the τH2 in simulations with ff = 1%
and no feedback plus the τH2 in simulations with ff = 100%
and fiducial feedback. Figure 9 shows that this is indeed the
case. For β = 1.5 and 2, the measured τH2 and the sum agree
extremely well, while for β = 1 and 2.5, they are within a fac-
tor of 1.5. A small difference in the latter case is due to the ex-
tra dependencies of tH2,nsf, τ−,d, and τ? on ff, β, and feedback
strength. For example, feedback disperses the high-density
tail of the gas PDF, making τ? longer. This effect becomes
stronger for larger β because steeper local star formation re-
lation ρ˙? ∝ ρβ results in a more efficient dispersal of dense
gas. The difference between the measured τH2 and the sum
therefore increases with increasing β.
5.3. Dependence on the Choice of Star Formation Threshold
Simulation results in Section 3 show that a near-linear KSR
emerges only in simulations with efficient feedback and αvir-
based star formation threshold. In simulations with the same
parameters but using a density-based threshold, the molecular
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FIG. 8.— Same as Figure 7 but for simulations with ff = 1% and no feed-
back. While the trends of tH2 (ΣH2 ) remain almost the same as in Figure 7,
there is no longer feedback-imposed cancellation of the trends in  = tsf/τ?,
and (ΣH2 ) becomes strongly dependent on β, which leads to the dependence
of τH2 and the KSR slope on β in simulations without feedback (left panel of
Figure 2). To produce this plot, we accumulated molecular and star-forming
stages of gas-tracers evolution over a shorter period of time (between 450 and
600 Myr) because for large β and no feedback, the total gas mass changes
more rapidly due to the short global depletion times. The local depletion
times in the top panel are normalized by ff to simplify the comparison with
the trends in Figure 7. The thin gray line in the bottom panel repeats that
from Figure 7.
KSR is significantly steeper (see Figure 3). This is not surpris-
ing, because the star formation threshold affects all terms in
Equation (15), and thus the behavior of the molecular KSR
can be different for different threshold choices. Figure 10
shows that tH2 (ΣH2 ) is independent of the choice of threshold
or feedback strength, but the (ΣH2 ) trend does steepen for the
density-based star formation threshold and is thus responsible
for the steepening of the molecular KSR in such simulation.
This behavior can be understood using the gas distributions in
simulations with different thresholds shown in Figure 4.
In all simulations, dense, supersonic gas reaches approx-
imate equilibrium between turbulence production on the lo-
cal dynamical time, tdyn ∝ 1/
√
Gρ, and turbulence decay on
the local eddy-turnover time, tdec ∼ ∆/σt, so that tdyn ∼ tdec
and σt ∝ ρ0.5, and the gas PDF aligns along the lines of
αvir ∝ σ2t /ρ∼ const, parallel to the αvir,sf = 10 threshold. This
alignment persists at all ΣH2 .
In simulations with the αvir-based threshold, gas can be-
come star-forming relatively quickly after becoming molecu-
lar because low-σt gas can be star-forming even at rather small
densities, while σt can become small simply by turbulence de-
cay when it cannot be offset with compression or feedback. In
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on the (ΣH2 ) and tH2 (ΣH2 ) trends. The fiducial case shown by the orange
lines corresponds to ff = 1%, fiducial feedback, and αvir,sf = 10 threshold.
Other colors show simulations in which these parameters are changed as in-
dicated in the legend. To illustrate the variation of trends with parameters, we
compare simulations with the local slope β = 2 instead of the fiducial β = 1.5
because in these simulations trends vary more strongly due to a stronger de-
pendence of τ? on ΣH2 (see Figures 7 and 8). The trend of  varies much
stronger than that of tH2 , and therefore, it is the trend of  that defines the
dependence of τH2 ∼ tH2/ on ΣH2 and the slope of the molecular KSR.
contrast, in simulations with the density-based threshold, tran-
sition to the star-forming state is hindered because molecular
gas must be compressed to relatively high densities to exceed
the threshold.
This difference can be illustrated using the distributions
of Σ˙? and molecular gas in the middle panels of Figures 1
and 3. In the simulation with the αvir,sf = 10 threshold (Fig-
ure 1), almost every molecular region (gray contours) contains
a star-forming subregion with young stars, and thus molecu-
lar gas is always either star-forming or is spatially close to a
5 kpc
nsf = 100 cm
−3
FIG. 11.— Distribution of molecular (gray contours) and star-forming gas
(filled blue contours) in the simulation with the nsf = 100 cm−3 star formation
threshold. The filled orange contours show regions with αvir < 10. Non-
star-forming molecular regions on the disk outskirts in this simulation would
be star-forming if the star formation threshold were in the virial parameter,
αvir < αvir,sf = 10. This is because it is much easier for gas to lose turbulence
support and reach an αvir threshold than to be compressed to a threshold
density.
star-forming region. In contrast, in the simulation with the
density-based threshold (Figure 3), a substantial number of
molecular regions, especially in the disk outskirts, are not
star-forming. As Figure 11 shows, they would be star-forming
if we used the αvir < 10 threshold instead of n> 100 cm−3.
The incidence of star-forming regions is thus a steeper func-
tion of ΣH2 in the simulation with the density-based thresh-
old and so is (ΣH2 ) (Figure 10), which explains the steeper
molecular KSR. For a density-based threshold, the average 
decreases at lower ΣH2 because of the larger fraction of gas
tracers that go through the molecular stage without reaching
the star-forming state and thus have  = 0.
Although we have considered specific choices of thresholds
here, our conclusions and their implications are more gen-
eral. The basic scaling of τH2 with timescales in Equation (12)
holds for any choice of star formation threshold, while as
we can see, tH2 (ΣH2 ) is insensitive to the details of feedback
and star formation prescriptions. Thus, any prescription that
shapes (ΣH2 ) to be similar to tH2 (ΣH2 ) will lead to a near-
linear molecular KSR and vice versa. Possible reasons why
the (ΣH2 ) and tH2 (ΣH2 ) trends are similar will be discussed in
the next section.
5.4. The Origin of the Linear Molecular KSR
The results presented so far indicate that  and tH2 both
depend on ΣH2 and therefore, to produce a linear molecular
KSR, these trends must cancel out in τH2 ∼ tH2/. Accord-
ing to Equation (12), τ?/ fsf,H2 ∼ tH2/ and thus this cancella-
tion is simply another manifestation of the cancellation of the
τ?(ΣH2 ) and fsf,H2 (ΣH2 ) trends discussed in Section 4.
We can readily understand why the dependencies of  and
tH2 on ΣH2 should be of the same sign when feedback is effi-
cient in dispersing star-forming regions. Indeed,  is expected
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to increase with increasing ΣH2 , because at higher ΣH2 , the
gravity of the disk and pressure of the ISM are larger, mak-
ing it harder for feedback to disperse star-forming regions and
thus requiring a larger  for dispersal. At the same time, the
time that the gas spends in the molecular state during one cy-
cle, tH2 , can also increase because a larger fraction of gas is
molecular at larger ΣH2 .
The quantitative explanation of why these trends are sim-
ilar is less obvious, but can be understood as follows. Our
analysis shows that in simulations with efficient feedback,
gas tracers experience local chaotic fluctuations of their den-
sity and velocity dispersion, and they move randomly in the
n–σtot plane. In simulations with an αvir-based star forma-
tion threshold, most molecular gas is close to the threshold
due to its alignment along the αvir = const direction (see Sec-
tion 5.3), and therefore, it randomly transits into the star-
forming state and back. If the probability of transition is
close to uniform, the number of transitions during a molec-
ular stage, Nsf, will simply be proportional to the duration
of this stage, Nsf ∝ tH2 . Although the duration of each star-
forming stage is regulated by feedback as we discussed above,
the total time the parcel spends in the star-forming state, tsf,
will also be proportional to Nsf and the gas parcel thus con-
verts the fraction ∼ tsf/τ? ∝ tH2 into stars during one molec-
ular phase. This leads to a constant molecular depletion time,
τH2 ∼ tH2/≈ const, and a linear molecular KSR.
The above mechanism will also operate in a more general
case of varying ff as long as ff is a strong function of αvir.
Such a strong dependence of ff on αvir is a generic prediction
of theoretical models of star formation in a turbulent medium
(see Padoan et al. 2014, for a review). In Appendix B we
show that the molecular KSR indeed remains linear when we
vary ff as an exponential function of αvir instead of assuming
a sharp threshold.
When feedback is inefficient, the evolution of molecular gas
is not as chaotic, and the (ΣH2 ) trend becomes sensitive to
feedback strength and ff value, as can be seen in Figure 10.
Given that the tH2 (ΣH2 ) trend is nearly independent of feed-
back strength and ff, the depletion time τH2 is no longer con-
stant in such regimes.
Likewise, when a density threshold with a high value is
used to define star-forming regions instead of αvir, most of the
molecular gas is far from the threshold and the transition to a
star-forming state in this case is not due to random motions
of gas parcels in the n–σtot plane, but is mainly due to secu-
lar evolution and gas compression to high densities. In this
case, tsf is no longer proportional to tH2 and τH2 6= const. For
lower values of a density threshold, a larger fraction of gas is
near the threshold and transitions to a star-forming state again
become dominated by random fluctuations, which makes the
slope shallower and closer to linear (see Figure 13 in the Ap-
pendix A). The slope in this case depends on the threshold
value as the dynamical equilibrium between compression and
turbulent pressure align gas along the αvir = const direction,
not along n = const.
The presented explanation for why  and tH2 exhibit similar
trends with ΣH2 , and thus why τH2 ≈ const when feedback
is strong, is admittedly qualitative. This question calls for
further exploration both in high-resolution simulations of the
ISM patches and observationally in studies of molecular and
star-forming regions, as we discuss below in Section 6.2.
6. DISCUSSION
6.1. Comparison to Previous Models
A commonly used explanation for the nearly linear molec-
ular KSR is the so-called “counting argument” (e.g., Wu et al.
2005), in which one assumes that molecular regions have sim-
ilar properties (e.g., density and thus depletion time τ?) and
have a fixed fraction of gas that is undergoing star forma-
tion (i.e., fsf,H2 ). Then, τH2 = τ?/ fsf,H2 (Equation 7) becomes
independent of ΣH2 because both τ? and fsf,H2 are the same
and independent of ΣH2 . However, as we showed in Sec-
tion 4.2, our simulations indicate that both τ? and fsf,H2 in
molecular regions can vary withΣH2 and still produce a nearly
linear molecular KSR. Furthermore, properties of molecular
clouds do change with galactocentric radius and thus with sur-
face density in observed galaxies (e.g., Heyer & Dame 2015;
Miville-Deschênes et al. 2017). The origin of the linear slope
of the molecular KSR is therefore more nuanced.
Madore (2010) and later Elmegreen (2015, 2018) consid-
ered the origin of the KSR from the timescales of gas evolu-
tion in different states. Their approach is similar to the basis
of our model, which allows a direct comparison. In particular,
Madore (2010) expressed the depletion time of total gas as
τ ≡ Σg/Σ˙? ∼ (τc + τs)/, where the duration of one gas cycle
consists of the “collapse time” τc, on which average ISM gas
evolves to the star-forming state, and “stagnation time” τs, on
which star-forming gas is dispersed by feedback. The frac-
tion of gas converted into stars in one cycle, , is assumed to
be fixed. Then, assuming also that τc ∝ Σ−0.5g and τs is con-
stant, τs will dominate at sufficiently high Σg and the KSR
will become linear because the depletion time will become
independent of Σg: τ ∼ τs/.
Elmegreen (2015, 2018) used principles similar to the
Madore (2010) model but assuming that the total depletion
time is proportional to the freefall time at the midplane den-
sity, tff, with constant efficiency, ff, so that the depletion
time of molecular gas7 is τH2 = fH2tff/ff. Next, similarly
to our Equation (11), the molecular fraction is expressed as
the ratio of timescales in the corresponding states: fH2 ∼
tff,H2/(tff + tff,H2 ), where tff,H2 is the freefall time at the density
of the molecular transition. The timescale tff,H2 is independent
of ΣH2 by construction because it is assumed to be set by the
density of the atomic-to-molecular transition, which, in turn,
is set by the local ISM properties rather than the large-scale
surface density. For average ISM densities significantly lower
than the molecular transition density, tff tff,H2 and therefore
τH2 ∼ tff,H2/ff becomes independent of ΣH2 and the molec-
ular KSR becomes linear. To compare with our model be-
low, we note that in the Elmegreen (2015, 2018) model the
duration of star formation cycle is assumed to be tff + tff,H2
and thus the integral star formation efficiency per cycle is
 = ff(tff + tff,H2 )/tff ∼ ff.
Although the models of Madore (2010) and Elmegreen
(2015, 2018) are rather insightful, their prediction of the lin-
ear slope for the molecular KSR follows from two strong as-
sumptions that the characteristic time of molecular gas evolu-
tion (τs in Madore 2010 or tff,H2 in Elmegreen 2015, 2018) and
the integral efficiency of star formation  are all independent
of the kiloparsec-scale gas surface density. Neither of these
7 In Elmegreen (2015), the molecular state is denoted by the subscripts
“CO,” indicating that in observations, this state corresponds to the gas visible
in CO. For consistency with our notation, we have changed subscripts “CO”
to “H2.”
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assumptions holds in our simulations. As was shown in Fig-
ure 7,  increases with ΣH2 because at higher ΣH2 , feedback
must overcome stronger forces to disperse a region and thus a
larger fraction of molecular gas must be converted into stars.
At the same time, the lifetime of molecular gas also increases.
Nevertheless, in our simulations with the αvir,sf threshold and
efficient feedback, the molecular KSR slope is still linear. As
we showed, the slope is linear not because  and the lifetime
of molecular gas are independent of ΣH2 , but because they
scale with ΣH2 similarly, and their trends nearly cancel.
Finally, Gnedin et al. (2014) argued that the linear molec-
ular KSR on a & 1 kpc scale is indicative of a linear relation
on small scales (i.e., β = 1 in our notation). As emphasized
in that paper, this argument follows from the assumption that
the gas PDF is self-similar and that star-forming gas can be
defined using a threshold that is a simple function of gas den-
sity. In this case, the slope of the global relation is directly
inherited from the small-scale relation in the regime when
fsf,H2 → 1 (see “special case 1” in Appendix D). As we explic-
itly showed in Section 4.2, the gas PDF in simulations with ef-
ficient feedback is not self-similar. This lack of self-similarity
decouples the slope of the large-scale molecular KSR from
the slope of the small-scale star formation recipe. Moreover,
we showed that the definition of star-forming gas plays an im-
portant role in the resulting scaling, because the choice of the
star-formation threshold explicitly enters the relevant equa-
tions (see Equations 7–10). Finally, our results clearly show
that the variation of fsf,H2 withΣH2 is important, as it compen-
sates the scaling of τ? resulting from the particular scaling of
the gas PDF with ΣH2 .
6.2. Implications for the Interpretations of the Observed
Molecular KSR
The framework presented in Section 5 is rather general and
can help us elucidate the physical processes shaping the slope
of the star formation relations observed in different galactic
environments, on different spatial scales, and for different gas
tracers.
According to our model, a linear KSR for molecular gas is
expected as long as the lifetime of gas in the molecular state,
tH2 , and the fraction of gas mass converted into stars over this
lifetime, , exhibit similar trends with ΣH2 so that these trends
cancel in τH2 ∼ tH2/. The mechanism that makes the tH2
and  trends similar must be rather generic, because the KSR
for molecular gas is observed to be linear in diverse environ-
ments: from the average ISM of normal star-forming galax-
ies across the Hubble sequence (Utomo et al. 2017; Colombo
et al. 2018) to low-metallicity dwarf galaxies (Bolatto et al.
2011; Jameson et al. 2016) and low-density galactic disk out-
skirts (Schruba et al. 2011).
An example of such a generic mechanism would be the ef-
ficient regulation of molecular stages by feedback. As we dis-
cussed above, feedback in our simulations makes evolution
of molecular gas chaotic and the mass fraction of young stars
formed by a given gas parcel during one molecular cycle be-
comes proportional to the duration of the cycle, ∝ tH2 , which
renders the molecular depletion time constant, τH2 ∼ tH2/.
The molecular KSR steepens in high-density environments
typical in starburst galaxies (e.g., Genzel et al. 2010, 2015;
Leroy et al. 2013). In the context of our model, the steepen-
ing corresponds to the regime in which feedback is less effi-
cient in dispersing star-forming regions and dense molecular
gas, the second term in Equation (15) becomes comparable to
the first, and  is no longer proportional to tH2 , which makes
molecular KSR nonlinear. In addition, tH2 becomes shorter,
due to either stronger gravity at higher gas surface densities
or shorter turbulent crossing time at higher gas velocity dis-
persions.
Our model can also be used to interpret the KSR observed
on scales much smaller than a kiloparsec and for gas states
much denser than normal molecular gas. To this end, Equa-
tion (12) should be rewritten as
τS ∼ τ?tsf tS ∼
tS

, (16)
where τS is the depletion time of gas in a given state S, tS is the
average time that a gas parcel spends in this state in a single
cycle, and ∼ tsf/τ? is the fraction of gas converted into stars
in one cycle through the state S. To apply this equation on
different scales, its terms must be defined appropriately for
the chosen scale.
For example, this equation can explain why the KSR be-
comes superlinear on the scales of individual star-forming re-
gions,. 50 pc (e.g., Evans et al. 2009, 2014; Heiderman et al.
2010; Gutermuth et al. 2011). Surveys of star-forming giant
molecular clouds (GMCs) select only molecular gas from the
star-forming stage, and therefore, the tS in Equation (16) for
such objects equals tsf. According to Equation (16), in this
case depletion time is simply τGMC ∼ τ? and there is no longer
feedback-imposed cancellation of the dependency in the τ?/tsf
ratio on the large-scale ISM properties. In this picture, the
slope of the small-scale KSR for star-forming regions is thus
expected to reflect any dependence that τ? has on the prop-
erties of these regions. Note also that mass fluxes of gas on
the scales of GMCs are likely out of equilibrium, which will
lead to a large variation of τH2 (see Semenov et al. 2017, for
details) and thus a large scatter of the KSR, as is indeed ob-
served on small scales (e.g., Lee et al. 2016; Vutisalchavakul
et al. 2016; Leroy et al. 2017). Other sources of scatter in-
clude the intrinsic variation of gas properties in star-forming
regions, incomplete sampling of different stages of gas evolu-
tion, and decoupled evolution of gas and star formation tracers
(Feldmann et al. 2011; Kruijssen & Longmore 2014).
Equation (16) can also be applied to interpret the linear re-
lation between the amount of dense molecular gas traced by
HCN and the total SFR observed on a wide range of scales
(Gao & Solomon 2004b,a; Wu et al. 2005). If we consider
Equation (16) on a . 1 pc scale, typical for HCN gas, the
star formation efficiency, , will correspond to a fraction of a
dense core mass that is eventually incorporated in a star (e.g.,
& 50% in Federrath et al. 2014). The lifetime of such cores,
tHCN, will be controlled by their local freefall time, on which
the star is formed, and the rate at which the remaining dense
gas is dispersed by feedback. With these definitions of  and
tHCN, the interpretation of the linear relation for HCN gas is
similar to that for all molecular gas except that the separation
between the scale on which HCN gas resides (. 1 pc) and the
scale on which the relation is measured (up to the scale of en-
tire galaxies) is much larger. Because of such large scale sep-
aration, both  and tHCN are expected to be independent of the
large scale and thus τHCN ∼ tHCN/ will also be independent
of the total HCN gas mass inside this scale, rendering the re-
lation linear. Note, however, that the linear relation for dense
molecular gas can also be in part an observational effect, due
to the selection of gas from a narrow density range in the PDF
tail (Krumholz & Thompson 2007) or from the densest parts
of isothermal spherical clouds (Parmentier 2017).
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6.3. Effect of Threshold on the Efficiency of Feedback in
Galaxy Simulations
Our results show that the choice of star formation threshold
in galaxy simulations has a significant impact on the resulting
slope of the KSR. Contrary to previous arguments in the liter-
ature, we show that in our simulations the slope of the molec-
ular KSR does not merely reflect the density dependence of
the star formation recipe adopted at the resolution scale, but
depends on the density PDF of the ISM gas, which is strongly
affected by feedback. Physically, the threshold determines
both the locations where current star formation proceeds and
the timescale and efficacy with which feedback can render
star-forming gas non-star-forming. The strong effect that the
choice of threshold has on the results implies that this choice
must be made with great care, as was indeed demonstrated in
related contexts by Governato et al. (2010) and Hopkins et al.
(2013).
As was shown in Sections 5.2–5.4, the role of feedback
in making the KSR linear is twofold. First, feedback must
efficiently disperse star-forming gas, which results in self-
regulation to constant star formation efficiency per cycle, ,
independent of the rate at which gas is converted into stars
in the star-forming state. Second, feedback must be efficient
in converting molecular gas into the atomic state and estab-
lishing a correlation between tH2 and  which leads to a near
cancellation of their trends with ΣH2 in τH2 ∼ tH2/ and thus
to a near-linear KSR.
Our results indicate that the efficacy of stellar feedback in
both of these aspects is much higher when the star formation
threshold is based on αvir, compared to the threshold based
on constant gas density. Indeed, it is generally faster to ren-
der gas non-star-forming by driving subgrid turbulence and
thereby increasing αvir than to actually disperse a star-forming
region and decrease its density. Similarly, the lifetime of
gas in the molecular phase is also controlled by feedback
to a much larger degree, because gas becomes star-forming
shortly after it becomes molecular and therefore has less time
to become denser and is more difficult to be dispersed.
The above arguments and our simulation results thus favor a
star formation threshold in virial parameter (see also Hopkins
et al. 2013) rather than the more popular threshold in gas den-
sity. Not only is such a threshold well motivated by models
of star formation in turbulent ISM, it also naturally leads to a
linear KSR for molecular gas when feedback is efficient. The
use of this threshold in practice is somewhat complicated by
the necessity to estimate turbulent velocity dispersion at the
resolution scale and generally requires modeling of turbulent
velocities on subgrid scales. On the other hand, our results
indicate that simulations that use density-based or the fH2 star
formation threshold should be interpreted with caution, espe-
cially on the sub-galactic scale, where the gas distribution is
strongly affected by the choice of threshold.
The optimal choice of the threshold and other parameters
of star formation and feedback models will of course depend
on the scale on which these models are applied. In particular,
the mechanism of the linear KSR origin on kiloparsec scales
requires high resolution so that the transitions of gas between
atomic, molecular, and star-forming states on sub-kiloparsec
scales are sufficiently resolved. The resolution of state-of-the-
art large-volume cosmological simulations,. 1 kpc, is not yet
sufficient to capture these transitions, and thus, the slope of
the KSR on kiloparsec scales reflects that adopted in the star
formation prescription.
7. SUMMARY AND CONCLUSIONS
Using a suite of isolated L? galaxy simulations, we explored
the origin of the slope of the relation between surface densi-
ties of molecular gas and SFR averaged on kiloparsec scales.
We showed that when feedback is efficient and the star for-
mation threshold is based on the virial parameter, this relation
has a near-linear slope, regardless of the slope adopted in the
resolution-scale relation between star formation rate and gas
density. Thus, in this regime, the slope of the KSR on kilopar-
sec scales does not reflect the slope on small scales, contrary
to a number of previous arguments in the literature.
We showed that the linear slope of the molecular KSR and
its insensitivity to the local slope result from the particular
scaling of the gas PDF with the gas surface density. When
feedback is efficient in shaping the PDF, the PDF scaling leads
to a cancellation of trends exhibited by the average depletion
times in star-forming gas and by star-forming mass fractions.
When feedback is not efficient, the gas PDF is shaped by dy-
namical processes, such as ISM turbulence and passage of spi-
ral arms, and the KSR becomes dependent on the local slope
and thus is not necessarily linear.
We explained these results using an analytical model based
on the conservation of interstellar gas mass as the gas cycles
between atomic, molecular, and star-forming states (see Sec-
tion 5)—the model we previously used to explain the physical
origin of the gas depletion time and its dependence on star for-
mation efficiency and feedback strength (Semenov et al. 2017,
2018). Our main findings can be summarized as follows:
1. In Section 5.2, we show that when feedback is efficient
in dispersing star-forming gas, the typical duration of
star-forming stages, tsf, is proportional to the local de-
pletion time of star-forming gas, τ?, so that the molec-
ular depletion time, τH2 ∝ tH2 τ?/tsf, becomes indepen-
dent of τ?. This explains why the molecular KSR is in-
sensitive to the local slope adopted in the subgrid pre-
scription for star formation, because only τ? depends
explicitly on the local slope (see Equation 9), while the
time the gas spends in molecular form during each cy-
cle, tH2 , does not.
2. When feedback is inefficient, tsf is controlled by dy-
namical processes that disperse star-forming gas: turbu-
lent shear, differential rotation of galactic disk, expan-
sion behind spiral arms, etc. Star formation, and thus
τ?, reflects the gas PDF shaped by these dynamical pro-
cesses, but does not affect this PDF via feedback. Thus,
the trend of tsf is no longer proportional to τ?, and the
molecular KSR becomes dependent on the local slope
of the star formation prescription β.
3. Simulations in the regime intermediate between the
regimes of efficient and inefficient feedback exhibit in-
termediate behavior. Thus, in our fiducial simulation
with ff = 1%, the effects of feedback and dynamical
processes are both important, and therefore, the molec-
ular KSR is close to linear, but its slope weakly depends
on the local slope (see Figure 2 and Section 5.2).
4. We show that a near-linear molecular KSR emerges
only in simulations that use a star formation threshold
in the virial parameter. The molecular KSR generally
has a nonlinear slope in simulations with the same ef-
ficiency and feedback strength, but that use a density-
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based threshold, with the slope steepening with the in-
creasing threshold value. We argue that this is because
in the latter simulations, the time between the moment
gas becomes molecular and the moment it becomes
star-forming is much longer. As a result, at lower ΣH2 ,
a smaller fraction of molecular gas is able to reach the
star-forming state, and the molecular KSR therefore be-
comes steep.
The theoretical framework we use to interpret our simula-
tion results is rather general and can be used to interpret obser-
vations as well. For example, it can shed light on the origin of
star formation relations observed for different gas tracers, on
different spatial scales, and in different galactic environments,
as we discuss in Section 6.2.
The framework is also useful for interpreting and designing
galaxy formation simulations. In particular, our results indi-
cate that attention should be paid not only to the modeling of
feedback but also to the modeling of star formation and, in
particular, the choice of criteria used to identify star-forming
gas. Our simulation results favor a criterion based on the local
virial parameter instead of the commonly used density-based
criterion (Section 6.3).
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APPENDIX
A. DEPENDENCE OF THE MOLECULAR KSR
SLOPE ON LOCAL STAR FORMATION AND
FEEDBACK PARAMETERS
Figure 12 shows the dependencies of the molecular KSR
slope on the efficiency of star formation per freefall time, ff,
and feedback strength in our simulations with αvir,sf = 10 (blue
lines) and nsf = 100 cm−3 star formation thresholds (orange
lines). In simulations with the αvir,sf threshold, the slope re-
mains linear and only the normalization changes at different
ff and feedback strength, as we showed in Semenov et al.
(2018, see Figure 9 and related discussion). In simulations
with the nsf threshold, in contrast, the slope becomes steeper
for larger values of ff.
Figure 13 shows the change of the molecular KSR slope
in simulations with different values of the αvir and density
threshold. For an nsf threshold, the slope becomes shallower
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FIG. 12.— Median depletion time of the molecular gas as a function of
ΣH2 in simulations with αvir,sf = 10 (blue lines) and nsf = 100 cm
−3 star for-
mation thresholds (orange lines), and different values of local star formation
efficiency ff and feedback strength. Solid lines show τH2 for fiducial feed-
back strength and ff = 1% (i.e., the same as in Figures 1 and 3), dashed lines
show τH2 for higher ff = 100%, and dashed-dotted line show τH2 in simula-
tions where the fiducial momentum input from supernovae is multiplied by a
factor of 5 (see Section 2). Gray contours and points with error bars indicate
the observed τH2 (see the legend in Figures 1), and the thin gray line shows
the slope adopted in the star formation prescription: ρ˙? = ff ρ/tff ∝ ρ1.5 and
thus ρ/ρ˙? ∝ ρ−0.5.
1 10 100
ΣH2 (M¯ pc
−2)
0.1
1
10
τ H
2
(G
y
r)
Σ˙
? ∝ Σ1.5
H
2
αvir,sf
10
30
100
nsf
100 cm−3
30 cm−3
10 cm−3
FIG. 13.— Same as Figure 12 but for different values of the star forma-
tion threshold: αvir,sf = 10, 30, and 100 (blue lines), and nsf = 100, 30, and
10 cm−3 (orange lines).
for lower nsf: for nsf & 30 cm−3, the slope is steeper than lin-
ear, but it becomes shallower than linear for smaller nsf be-
cause non-molecular gas is identified as star-forming. For the
αvir,sf thresholds, the sensitivity of the slope to the αvir,sf value
is much weaker, although the slope still becomes somewhat
shallower for very large values of αvir.
B. MOLECULAR KSR SLOPE IN SIMULATIONS
WITH EXPLICITLY MODELED ff
As was shown in Figure 1, our fiducial simulation with
the αvir,sf = 10 star formation threshold and constant ff = 1%
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FIG. 14.— Median depletion time of molecular gas as a function ofΣH2 in
simulations with ff continuously varied according to Equation (B1). Green
and red lines show the results for our fiducial and 5 times stronger feedback,
respectively. For reference, the blue line shows the results of our fiducial
simulation with ff = 1% in gas defined by a sharp star formation threshold,
αvir < 10. The thin gray line shows the slope of τH2 ∝ Σ−0.5H2 .
reproduces the observed near-linear slope of the molecular
KSR. Figure 14 shows that the molecular KSR remains lin-
ear when we vary ff using the fit to the simulation results of
Padoan et al. (2012):
ff = exp(−
√
αvir/0.53). (B1)
The figure also shows that the normalization of the KSR is
affected by feedback strength in the same way as in the simu-
lations with a sharp αvir threshold (see Appendix A).
The KSR in simulations with varied ff is similar to that in
our fiducial simulation because our threshold choice, αvir,sf =
10, approximates the exponential increase of ff for αvir . 10
in Equation (B1). A factor of ∼ 2 difference in normaliza-
tion can be explained by the somewhat higher ff values pre-
dicted by Equation (B1), compared to our fiducial ff = 1%.
Indeed, the αvir of the star-forming gas in our fiducial simu-
lation ranges between 10 and ∼ 2 (see Figure 4), and Equa-
tion (B1) predicts ff ∼ 1.3%–14% for such αvir.
Interestingly, Lupi et al. (2018) used a star formation pre-
scription with varying ff and also found a shallow molecular
KSR. Their KSR is somewhat steeper than linear, which can
be due to a strong adopted dependence of ff on density (see
their Appendix A) and the resulting large effective local slope
β. This result is consistent with our fiducial simulations with
high β that also have a somewhat steeper than linear molecu-
lar KSR (see Figure 2). Lupi et al. (2018) also found that the
molecular KSR slope depends on the assumptions about the
unresolved clumping factor of the gas.
C. SCALE DEPENDENCE OF THE MOLECULAR
KSR SLOPE
In this work, we focused on the molecular KSR averaged
on 1 kpc scales. The scale dependence of the KSR is an in-
teresting related topic (e.g., Feldmann et al. 2011; Khoper-
skov & Vasiliev 2017; Orr et al. 2018). Figure 15 shows how
the slope of the molecular KSR in our fiducial simulation de-
pends on the averaging scale. As expected, on scales close to
the resolution scale of our simulation (40 pc), the KSR slope
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FIG. 15.— The dependence of median τH2 = ΣH2/Σ˙? on the width of
the 2D Gaussian filter used to average the Σ˙? and ΣH2 maps in our fiducial
simulation with the αvir,sf = 10 star formation threshold and ff = 1%. When
the averaging scale is close to the resolution scale (40 pc), the molecular KSR
slope approaches that adopted in the star formation prescription (shown by
the gray line) and can become somewhat steeper due to the large scatter of
τH2 on these small scales. At ∼ 500 pc, the slope becomes near-linear (i.e.
τH2 ≈ const), and it stays linear at any larger scale.
approaches the slope of the adopted star formation prescrip-
tion, β = 1.5. However, as the averaging scale increases, the
molecular KSR flattens and becomes near-linear at & 500 pc
scales. At any larger scale, the molecular KSR remains lin-
ear because when the slope is linear for a certain smoothing
scale, it always remains linear on larger scales, as discussed
for special case 2 in Appendix D.
The transition scale of ∼ 500 pc reflects the spatial coher-
ence of star-forming and non-star-forming molecular gas in
our simulations. Patches of < 500 pc size preferentially in-
clude only one of the states, while larger patches are suffi-
cient to average between both states. This effect also leads to
a scatter that increases on smaller scales (Kruijssen & Long-
more 2014). A similar coherence scale was also obtained for
M33 by Schruba et al. (2011).
D. DERIVATION OF THE EQUATIONS
CONNECTING THE MOLECULAR KSR WITH
GAS PDF AND STAR FORMATION ON SMALL
SCALES
The depletion time of molecular gas in a single kiloparsec-
scale patch can be expressed as a function of the local SFR
density, ρ˙?, and molecular gas mass in the patch, MH2 , as fol-
lows:
1
τH2
=
Σ˙?
ΣH2
=
M˙?
MH2
=
1
MH2
∫
ρ˙?dV, (D1)
where integration is carried out over the patch volume. If we
assume that ρ˙? is a power-law function of gas density, we can
write ρ˙? as
ρ˙? = AρβΘsf(ρ,q), (D2)
where Θsf(ρ,q) is a function varying from 0 to 1 that defines
star-forming gas as a function of gas density and a vector of
other relevant properties q. Furthermore, we can express the
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volume element dV as
dV =
∂2V
∂ρ∂q
dρdq =
MH2
fH2ρ
PH2 (ρ,q)dρdq, (D3)
where
PH2 (ρ,q) =
1
MH2
∂2MH2
∂ρ∂q
=
fH2ρ
MH2
∂2V
∂ρ∂q
(D4)
is the mass-weighted distribution of molecular gas, and fH2
is the local mass fraction of molecular gas, which can be
a function of total gas density ρ, metallicity, radiation field,
and other properties. In general, the variation of fH2 in star-
forming regions can be accounted for. However, most of the
star-forming gas selected by our criteria has fH2 ≈ 1, and
therefore, we will adopt fH2 = 1 in star-forming gas. Under
this assumption, Equations (D1)–(D3) can be combined to
1
τH2
= A
∫∫ ∞
0
ρβ−1Θsf(ρ,q)PH2 (ρ,q)dρdq. (D5)
Equation (D5) describes the relation between molecular
gas depletion time and the PDF of molecular gas in a single
ISM patch. The shape of PH2 (ρ,q) in this equation can vary
from patch to patch, leading to variation of τH2 . To obtain
the molecular KSR, this equation must be averaged between
patches with the same molecular surface density ΣH2 :〈
1
τH2
〉
= A
∫∫ ∞
0
ρβ−1Θsf(ρ,q)〈PH2〉(ρ,q|ΣH2 )dρdq, (D6)
where the average shape of 〈PH2〉 will depend on ΣH2 and this
dependence will define the dependence of the average τH2 on
ΣH2 , i.e. the slope of the molecular KSR.
Finally, omitting explicit averaging to simplify notation,
Equation (D6) can be rewritten as
1
τH2
=
fsf,H2
τ?
, (D7)
where, by definition,
fsf,H2 =
∫∫ ∞
0
Θsf(ρ,q)PH2 (ρ,q|ΣH2 )dρdq (D8)
is the star-forming mass fraction of molecular gas and
1
τ?
= A
∫ ∞
0
ρβ−1Psf(ρ|ΣH2 )dρ (D9)
is the inverse local depletion time 1/t? = ρ˙?/ρ = Aρβ−1 aver-
aged over the density PDF of star-forming gas:
Psf(ρ|ΣH2 ) =
∫
Θsf(ρ,q)PH2 (ρ,q|ΣH2 )dq∫∫∞
0 Θsf(ρ,q)PH2 (ρ,q|ΣH2 )dρdq
. (D10)
Equations (D7–D10) show that the connection between the
slope of the Σ˙?–ΣH2 relation on kiloparsec scales and its lo-
cal value β is nontrivial and in general depends on the scaling
of gas PDF with ΣH2 . However, in some special cases studied
previously in the literature, these equations predict a direct re-
lation between global and local slopes. In these special cases,
fsf,H2 is assumed to be independent of ΣH2 as would be the
case if, e.g., all molecular gas were star-forming, fsf,H2 = 1.
The KSR slope is then determined only by the behavior of the
integral in the definition of τ? (Equation D9).
Special case 1. Star-forming gas PDF scales self-similarly
with ΣH2 : Psf(ρ|ΣH2 ) = F(ρ/ΣH2 )/ΣH2 . In this case, τ? in-
herits the dependence on ΣH2 from the local star formation
relation, 1/t? ∝ ρβ−1:
1
τ?
= AΣβ−1H2
∫ ∞
0
xβ−1F(x)dx∝ Σβ−1H2 , (D11)
and therefore the KSR inherits the local slope β: Σ˙? ∝ ΣβH2
(cf. Gnedin et al. 2014).
Special case 2. Local relation is linear, β = 1. In this case,
1
τ?
= A
∫ ∞
0
Psf(ρ|ΣH2 )dρ = A, (D12)
and the KSR is also linear: Σ˙? = A fsf,H2ΣH2 (cf. Gnedin
et al. 2014). Physically, when β = 1, the local depletion time
t? = ρ/ρ˙? = ρ1−β/A = A−1 is constant in all star-forming gas
and thus its average τ? = t? = A−1 is independent of ΣH2 . This
means, for example, that the linear molecular KSR observed
on kiloparsec scales will remain linear when averaged on any
larger scale (see Figure 15).
Special case 3. The shape of the star-forming gas PDF is
independent of ΣH2 : Psf(ρ|ΣH2 ) = F(ρ) and
1
τ?
= A
∫ ∞
0
ρβ−1F(ρ)dρ (D13)
becomes independent of ΣH2 , and therefore the KSR becomes
linear regardless of the local slope β: Σ˙? ∝ ΣH2 . This is a
more general case of the “counting argument,” in which all
star-forming regions are assumed to have the same density ρ0
so that Psf(ρ|ΣH2 ) = δ(ρ−ρ0).
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